Chapter 9 HW key:

9.7.1 Manipulation

Exercise 9.1 Problem 8.2.1 of Boas (2006). For the following differential equation, separate vari-
ables and find a solution containing one arbitrary constant. Then find the value of the constant to
give a particular solution satisfying the given boundary condition.

xy' =y (9.52)

You do not need to compare to a computer solution.

dy
& (l_.l =Y.
dy dx
y
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Iny=Inx+InC,
Iny=mCz,
y =Cux.

Where ' is an arbitrary constant. The second step is to evaluate €' such that y = 3 when = = 2,
thus

Exercise 9.2 Problem 8.5.1 of Boas (2006). Solve the following differential equation by the meth-
ods discussed in Boas. You do not need to compare to a computer solution.

V' +y —-2y=0 (9.53)
d?y  dy B
da? + dr 2y =0,
y = Ae™",
‘ ~1 4 b}
m24+m-2=0->m= # = 2 orl,

2
y= Ae % + Bel,

Now, to add the boundary conditions (y(0)=1, y'(0)=0), we note

y(0)=1=A+B
v (0)=0=-2A+B

Subtracting the second equation from the first, we find:
1=3A



Thus, A=1/3
And then by substitution into the second equation
B=2/3

Exercise 9.3 Show that the general solution to the first-order, linear differential equation on py.
401 of (Boas, 2006) is the same as the guess & check solution in (10.1) of these notes.

The solution in (10.1) is
(P) = (Pu) + et = (P (1- et
So, let’s work on the one in pg. 401 of (Boas, 2006). The problem is stated as
v+ Py=Q.
The solution is formally,
ye! = / Qe! dz + ¢, or
y=e! /Qc’ da + ce”!, where

1=/P(lur.

Our problem is

(i ‘/uut
(it (P o P.\m) + V()l, (P o PAI‘) ~ ()
Thus,
Y= (P o P.u)s
T =t,
_ Vou
~ Vol.'
Q =0,
| = Vmu l o Vuult

Vol. "~ Wl

Thus, the solution is
V, V,
y= (P~ Pun) = l’»il / (2(’.1 da + ('(fil = ce ottt — A(f'#

Which is the same as the solution given in (10.1).



Exercise 9.4 Find the leading order differential equation, by Taylor series expansion of the radi-
ation forcing, to the Energy Balance Model of Section 9.2.3 for the remaining steady state solution

(near Tyey = 1T4438K ). Solve this differential equation, and decide if this third steady state is a
stable or unstable steady state solution.

Evaluating the Taylor series near 7,3,

R, =51.375Wm 2 (1 +...),
~R, = 51375 Wm ™ ? (=1 = 0.02218(T — T,,3)) .
dr _ ~1.1395W m 2K
dt N &

v
neg. feedback

(T = Tos) + ...

»

~ L1395Wm ?K!

¢

T — Ty ~ ATe Y7,

This steady-state solution is stable.

9.7.3 Evaluate & Create

Exercise 9.5 Verify that the sum of the characteristic solution (9.49) and the particular solution
(9.44) constitute a solution to the original equations for the two sliding masses (9.43).
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xy=Vt—D—=2uS/k + [l s \/g] (Ae™'t 4 Bert) [1 - \/5] (C(*‘“"" s th“‘"") .

xy = Vit —2D = 3uS/k — 2(Ae'“* 4 Be ™t — 2 (C‘(?““’?l + Dt:_"‘"") .

So,

Our overall governing equations are:

(12.1
dt?
d%xs
di?

= (k[Vt —ay - D] - k[u:l—ufg—D]—uS),

m

= (k l""l o D] - [IS) .



From our solutions, we have

2, . . | |

dd:;l _ —wlz [1 + \/g] (Acmnt o+ Be'wn) — wg [1 . \/g] (C(i"“‘z‘ + Dc"‘"ﬂ) ’
2, _ _ . .

dd::Zz = 2“)12(‘4‘3“‘)” -+ B(:_""“) + 2«;% (Celwzl + Dc—lwzl) .

K[Vt -z, — D] = 2u8 — k [1 + \/5] (A1t 4 Beminty _ [1 - \/5] (cew + De-"“z‘) ,
kloy =22 — D) = uS +k [34+ V5] (A 4 Be ) 1k [3 - V5| (Cet 4 Dem2t).
(k[Vt —xy— D] = klxy —xo— D] — uS) = -k [4 + 2\/5] (Ae™tt 4 Be~rty — k [4 - 2\/3] (C(:i“’?‘ + D(:"""‘?‘) .

(k[zy — 23— D) — pS) =k [3 + \/5] (Ae™1t 4 Be~1t) 4 k [3 - \/5'] (Cemt + Demtrt),
3+V5
2

(1+v53) =4+ 2V/5,

: "2‘/5(1 -V5)=4-2V5.

These results, when assembled, prove the governing equations are satisfied by the solutions found.



