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Conclusions	
  and	
  Future	
  
Work	
  

The	
   effect	
   of	
   the	
   wave	
   forcing	
   is	
   captured	
   by	
   considering	
   the	
   Boussinesq,	
   wave-­‐filtered	
   Craik-­‐Leibovich	
  
Equa)ons	
  (Craik	
  and	
  Leibovich,	
  1976).	
   	
  Coriolis	
  terms	
  are	
  included	
  to	
  include	
  the	
  effects	
  of	
  rota)on	
  under	
  
the	
  f-­‐plane	
  approxima)on.	
  	
  The	
  buoyancy	
  is	
  materially	
  conserved,	
  and	
  advected	
  by	
  the	
  Lagrangian	
  (Eulerian	
  
and	
  Stokes)	
  flow.	
  
	
  

Instabili)es	
  in	
  a	
  stra)fied	
  ocean	
  mixed	
  layer	
  model	
  with	
  surface	
  gravity	
  wave	
  forcing	
  are	
  examined	
  to	
  study	
  
the	
  interac)ons	
  between	
  the	
  surface	
  gravity	
  wave	
  scale	
  and	
  the	
  submesoscale.	
  Linear	
  instabili)es	
  at	
  these	
  
two	
  scales	
  have	
  been	
  studied	
   independently,	
  however,	
  this	
  work	
  serves	
  to	
  bridge	
  the	
  gap	
  between	
  these	
  
classes	
   of	
   instability.	
   	
  Wave	
   effects	
   are	
   added	
   to	
   a	
   linearized,	
   stra)fied	
  upper	
   ocean	
  model	
   through	
   the	
  
addi)on	
  of	
  Stokes-­‐dri`	
  (a	
  net	
  current	
  in	
  the	
  direc)on	
  of	
  wave	
  propaga)on).	
  	
  In	
  the	
  limit	
  of	
  no	
  wave	
  forcing	
  
and	
   strong	
   stra)fica)on,	
   this	
   system	
   is	
   dominated	
   by	
   symmetric,	
   geostrophic,	
   or	
   Kelvin-­‐Helmholtz	
  
instability.	
  	
  In	
  the	
  limit	
  strong	
  wave	
  forcing,	
  the	
  system	
  is	
  dominated	
  by	
  wave	
  induced	
  shear	
  instability.	
  	
  The	
  
system	
   is	
   studied	
  on	
  a	
   con)nuum	
  between	
   these	
   two	
  extremes	
   to	
  understand	
  how	
   the	
   geostrophic	
   and	
  
symmetric	
  instabili)es	
  evolve	
  as	
  the	
  wave	
  forcing	
  is	
  increased.	
   	
  Ini)al	
  results	
  show	
  that	
  the	
  wave	
  induced	
  
modes	
   become	
   the	
   gravest	
   modes	
   at	
   modest	
   wave	
   forcing.	
   	
   The	
   geostrophic	
   mode	
   is	
   ini)ally	
   weakly	
  
amplified	
  by	
  the	
  wave	
  forcing,	
  then	
  at	
  modest	
  wave	
  forcing	
  appears	
  to	
  become	
  a	
  mixed	
  mode.	
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For	
   the	
  moment,	
   the	
  only	
  boundary	
  condi)on	
   is	
  no	
  flux	
  through	
  the	
  top	
  and	
  bobom,	
  however,	
   in	
   future	
  
work,	
   a	
   surface	
   stress	
   condi)on	
   will	
   be	
   included	
   to	
   include	
   the	
   effects	
   of	
   surface	
   wind	
   stress.	
   	
   This	
   is	
  
provides	
  a	
  challenge	
  of	
  handle	
  a	
  destabilizing	
  front	
  due	
  to	
  Ekman	
  transport.	
   	
  The	
  primary	
  concern	
  at	
  the	
  
moment	
  is	
  the	
  interac)ons	
  between	
  wave	
  induced,	
  geostrophic,	
  and	
  symmetric	
  instability,	
  thus	
  convec)ve	
  
instability	
   due	
   to	
   Ekman	
   transport	
   is	
   avoided	
  by	
   considering	
   a	
   swell	
   (rather	
   than	
  wind-­‐wave)	
   dominated	
  
region.	
  
It	
   is	
   expected	
   that	
   there	
   will	
   be	
   significant	
   horizontal	
   and	
   )me	
   scale	
   separa)on,	
   thus	
   mo)va)ng	
   the	
  
horizontal	
  varia)ons	
  to	
  be	
  non-­‐dimensionalized	
  by	
  two	
  different	
  scales	
  (l	
  and	
  L)	
  with	
  associated	
  advec)ve	
  
)mescales	
  (t	
  and	
  T).	
  	
  The	
  wave	
  field	
  (thus	
  Stokes	
  dri`)	
  will	
  be	
  considered	
  invariant	
  horizontally,	
  and	
  in	
  )me.	
  	
  
The	
  dimensional	
  variables	
  are	
  scaled	
  as	
  follows:	
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Assuming	
  these	
  scalings,	
  the	
  flow	
  is	
  decomposed	
  into	
  average	
  and	
  perturba)on	
  terms.	
  	
  The	
  averaged	
  terms	
  
represent	
   the	
   large	
   scale	
   background	
   flow,	
   with	
   the	
   small	
   horizontal	
   space	
   and	
   fast	
   )me	
   scales	
   (x,y,t)	
  
averaged	
  over.	
  	
  	
  
	
  
	
  
	
  
	
  
and	
  similarly	
  for	
  v’,w’,b’,	
  and	
  π’,	
  except	
  that	
  b’,	
  π’	
  ~	
  O(Ro2).	
  The	
  buoyancy	
  and	
  pressure	
  scale	
  with	
  Ro2	
  so	
  
that	
  the	
  small	
  scale	
  pressure	
  perturba)ons	
  scale	
  with	
  u’2,	
  unlike	
  the	
  large	
  scale	
  pressure	
  which	
  is	
  scaled	
  in	
  
expecta)on	
  of	
  near	
  thermal	
  wind	
  balance.	
   	
  Averaging	
  the	
  equa)ons	
  over	
  the	
  small	
  scales	
  and	
  assuming	
  Ro	
  
<<	
  1	
  gives	
  the	
  O(1)	
  background	
  flow.	
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If	
  the	
  background	
  buoyancy	
  is	
  assumed	
  to	
  be	
  )me	
  invariant,	
  and	
  an	
  ini)al	
  condi)on	
  on	
  buoyancy	
  is	
  
	
  
	
  
where	
  M2	
  and	
  N2	
  are	
   constants,	
   then	
   the	
  flow	
   is	
   in	
  hydrosta)c,	
   geostrophic	
  balance	
  with	
   the	
   Lagrangian	
  
velocity,	
  or	
  “Lagrangian	
  Thermal	
  Wind	
  Balance.”	
   	
  Therefore,	
  the	
  Lagrangian	
  background	
  flow	
  is	
  unaffected	
  
by	
  the	
  presence	
  of	
  Stokes	
  dri`.	
   	
  Despite	
  this,	
   it	
  will	
  be	
  shown	
  that	
  the	
  same	
  is	
  not	
  true	
  of	
  the	
  perturbed	
  
flow.	
   	
  The	
  background,	
  Eulerian	
  flow	
  is	
  en)rely	
  determined	
  by	
  the	
  background	
  buoyancy	
  and	
  the	
  imposed	
  
Stokes	
  dri`.	
   	
  The	
  Stokes	
  dri`	
  is	
  chosen	
  to	
  be	
  exponen)ally	
  decaying	
  with	
  depth,	
  with	
  a	
  decay	
  scale	
  chosen	
  
here	
  to	
  be	
  H/10,	
  consistent	
  with	
  observa)ons.	
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Subtrac)ng	
   the	
   balanced	
   background	
   flow	
   from	
   the	
   full	
   equa)on	
   set	
   gives	
   the	
   perturba)on	
   equa)ons.	
  	
  
First,	
  focusing	
  on	
  the	
  ver)cal	
  velocity	
  equa)on	
  one	
  can	
  see	
  an	
  O(Ro)	
  perturba)on	
  to	
  the	
  background	
  flow	
  
from	
  the	
  Stokes	
  vortex	
  force	
  which	
  does	
  not	
  involve	
  any	
  perturba)on	
  variables.	
  	
  	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
For	
   very	
   small	
   aspect	
   ra)o,	
   this	
   Stokes	
  Vortex	
   force	
   term	
  would	
  be	
   the	
  only	
   remaining	
   term	
   in	
   the	
  O(1)	
  
perturba)on	
   equa)ons,	
  which	
  would	
   suggest	
   that	
   this	
   term	
   vanishes	
   but	
   it’s	
   clear	
   from	
   the	
   background	
  
flow	
  that	
  it	
  does	
  not.	
  	
  This	
  mo)vates	
  posing	
  an	
  ansatz	
  for	
  the	
  perturba)on	
  pressure,	
  

µRo VsVz +UsUz( )! Ro2 µ Vsv 'z+Usu 'z( )+! '! b '"# $%= 0

Thus,	
  this	
  term	
  affects	
  the	
  total	
  pressure,	
  but	
  not	
  the	
  small	
  perturba)ons	
  in	
  pressure	
  (now	
  referring	
  to	
  φ’)	
  that	
  
relate	
  to	
  the	
  velocity	
  perturba)ons.	
  	
  Then	
  assuming	
  α2	
  <<	
  Ro,	
  and	
  posing	
  a	
  normal	
  mode	
  anzatz,	
  
	
  
	
  
	
  
and	
  similarly	
  for	
  v’,	
  w’,	
  b’,	
  and	
  ϕ’,	
  the	
  perturba)on	
  equa)ons	
  become,	
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The	
  Background	
  Flow	
  

In	
   the	
   case	
   of	
   no	
   wave	
   forcing	
   (μ	
   =	
   0)	
   the	
   background	
   and	
   perturba)on	
   equa)ons	
   are	
   iden)cally	
   the	
  
baroclinic,	
  non-­‐hydrosta)c	
  equa)on	
  set	
  described	
  by	
  Stone	
  (1971).	
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The	
  perturba)on	
  equa)ons	
  are	
   solved	
  numerically	
  using	
  Chebyshev	
   spectral	
  modes.	
   	
   Figure	
  1	
   shows	
   the	
  
growth	
  rates	
  (	
  	
  )	
  for	
  Ri	
  =	
  0.9,	
  α	
  =	
  0.006,	
  Ro	
  =	
  0.01,	
  and	
  various	
  values	
  of	
  μ	
  at	
  various	
  horizontal	
  wavenumbers	
  
k	
  and	
   l.	
  Ri	
  =	
  0.9	
   is	
  chosen	
  so	
  that	
  both	
  geostrophic	
  and	
  symmetric	
  modes	
  exist	
   in	
  comparable	
  magnitude	
  
when	
  there	
  is	
  no	
  wave	
  forcing	
  (upper	
  le`	
  panel	
  of	
  figure	
  1).	
  

!

Figure	
   1.	
   Maximum	
   growth	
   rate	
  
Im(	
  )	
  for	
  Ri	
  =	
  0.9,	
  α	
  =	
  0.006,	
  Ro	
  =	
  
0.01,	
   θ	
   =	
   π/4,	
   and	
   the	
   indicated	
  
μ.	
   	
   Each	
   panel	
   is	
   normalized	
   to	
  
the	
   maximum	
   growth	
   rate	
   for	
  
that	
  value	
  of	
  μ.	
  
	
  
As	
  the	
  wave	
  forcing	
  increases	
  the	
  
g e o s t r o p h i c 	
   m o d e 	
   i s	
  
overshadowed	
   by	
   instabili)es	
   at	
  
high	
  wavenumber.	
   	
  This	
   is	
  unlike	
  
the	
  transi)on	
  to	
  Kelvin	
  Helmholtz	
  
instability	
   in	
   that	
   increasing	
   Ri	
  
without	
   Stokes	
   dri`	
   results	
   in	
   a	
  
stronger	
   symmetric	
   instability	
  
(high	
   l,	
   low	
   k).	
   	
   The	
   Stokes	
   dri`	
  
does	
   increase	
   the	
   Eulerian	
   Ri,	
  
however	
  the	
  Lagrangian	
  Ri	
  (which	
  
is	
   listed)	
   is	
   unchanged	
   in	
   the	
  
p resence	
   o f	
   S tokes	
   d r i` .	
  	
  
Therefore,	
   the	
  high	
  wavenumber	
  
instabili)es	
   shown	
   are	
   expected	
  
to	
   be	
   due	
   to	
   the	
   Stokes	
   vortex	
  
terms	
   in	
   the	
   perturba)on	
  
equa)ons	
  

!

Us = e
10z

Us = Us cos !( )
Vs = Us sin !( )

!  is the angle between the Stokes drift and the thermal wind

Figure	
  2.	
  Maximum	
  growth	
  rate	
  
Im(	
  	
  )	
  for	
  Ri	
  =	
  0.9,	
  α	
  =	
  0.006,	
  Ro	
  =	
  
0.01,	
  μ	
  =	
  1,	
  and	
  the	
  indicated	
  θ.	
  	
  
Each	
  panel	
  is	
  normalized	
  to	
  the	
  
maximum	
  growth	
  rate	
  for	
  that	
  
value	
  of	
  θ.	
  	
  The	
  loca)on	
  of	
  the	
  
panels	
  corresponds	
  to	
  the	
  
direc)on	
  of	
  the	
  Stokes	
  dri`	
  θ	
  
(e.g.	
  θ	
  =	
  π/4	
  is	
  the	
  upper	
  right	
  
panel).	
  

!

Ver)cal	
  Structure	
  
Figure	
  3.	
  Growth	
  rates	
  vs	
  μ	
   for	
   the	
  three	
  most	
  
unstable	
  modes	
   for	
   k	
   =	
   1,	
   l	
   =	
   0,	
   Ri	
   =	
   0.9,	
   α	
   =	
  
0.006,	
  Ro	
  =	
  0.01,	
  θ	
  =	
  π/4.	
  
	
  
Fig.	
   1	
   shows	
   that	
   the	
   most	
   unstable	
   mode	
  
quickly	
   becomes	
   high	
   wavenumber	
   as	
   wave	
  
forcing	
   is	
   increased,	
   however,	
   it	
   is	
   clear	
   from	
  
fig.	
   3	
   that	
   this	
   does	
   not	
   mean	
   that	
   the	
  
geostrophic	
   mode	
   is	
   gone,	
   but	
   rather	
   sub-­‐
dominant.	
   	
   It	
   is	
  also	
  clear	
   that	
   the	
  geostrophic	
  
mode	
  is	
  weakly	
  modulated	
  by	
  the	
  wave	
  forcing.	
  

Figure	
  4.	
  Ver)cal	
  
structure	
   of	
   the	
  
perturba)on	
   u’,	
  
v ’ , 	
   a n d 	
   b ’	
  
corresponding	
  to	
  
the	
  growth	
  rates	
  
shown	
   in	
   Fig.	
   3.	
  	
  
The	
   upper	
   row	
  
corresponds	
   to	
  
the	
   geostrophic	
  
mode,	
   and	
   the	
  
l o w e r 	
   r o w	
  
corresponds	
   to	
  
the	
   2nd	
   wave	
  
mode.	
  

The	
  ver)cal	
  structure	
  of	
  each	
  mode	
  shows	
  that	
  the	
  geostrophic	
  mode	
  (fig.	
  4,	
  upper	
  row)	
  is	
  significantly	
  
influenced	
  by	
  the	
  strongly	
  surface	
  intensified	
  Stokes	
  dri`,	
  sugges)ng	
  that	
  the	
  geostrophic	
  mode	
  becomes	
  a	
  
mixed	
  mode	
  at	
  modest	
  wave	
  forcing.	
  	
  The	
  wave	
  mode	
  (fig.	
  4,	
  lower	
  row)	
  shows	
  significant	
  ver)cal	
  structure	
  
near	
  the	
  surface,	
  and	
  very	
  lible	
  at	
  depth.	
  	
  This	
  is	
  just	
  what	
  one	
  would	
  expect	
  from	
  a	
  mode	
  generated	
  by	
  the	
  
surface	
  intensified	
  Stokes	
  dri`.	
  	
  	
  

•  In	
  the	
  Ro	
  <<	
  1	
  limit	
  with	
  constant	
  ver)cal	
  and	
  horizontal	
  stra)fica)on,	
  the	
  
Lagrangian	
  background	
  flow	
  is	
  unaffected	
  by	
  the	
  wave	
  forcing.	
  	
  The	
  result	
  is	
  
thermal	
  wind	
  balance	
  of	
  the	
  Lagrangian	
  flow.	
  	
  The	
  same	
  is	
  not	
  true	
  of	
  general	
  
fronts	
  and	
  filaments	
  in	
  the	
  presence	
  of	
  wave	
  forcing	
  (McWilliams	
  and	
  Fox-­‐
Kemper,	
  2013).	
  

•  Although	
  the	
  Lagrangian	
  background	
  flow	
  is	
  unaffected	
  by	
  the	
  wave	
  forcing,	
  the	
  
O(Ro)	
  perturba)on	
  to	
  the	
  O(1)	
  background	
  flow	
  shows	
  significant	
  influence	
  of	
  
the	
  Stokes	
  vortex	
  force	
  in	
  the	
  perturba)on	
  momentum	
  equa)ons.	
  

•  The	
  growth	
  rate	
  shows	
  significant	
  sensi)vity	
  to	
  wave	
  forcing	
  and	
  wave	
  direc)on	
  
with	
  high	
  wavenumber	
  instabili)es	
  domina)ng	
  flow	
  with	
  high	
  wave	
  forcing.	
  

•  The	
  geostrophic	
  mode	
  is	
  weakly	
  modulated	
  at	
  low	
  wave	
  forcing,	
  and	
  becomes	
  a	
  
mixed	
  geostrophic-­‐wave	
  mode	
  at	
  moderate	
  wave	
  forcing.	
  

•  Future	
  work	
  aims	
  to	
  further	
  characterize	
  the	
  effects	
  of	
  wave	
  forcing	
  on	
  the	
  
geostrophic	
  and	
  symmetric	
  instabili)es.	
  

•  Long	
  term	
  goals	
  include	
  adding	
  a	
  surface	
  wind	
  stress	
  so	
  that	
  the	
  limit	
  of	
  Craik-­‐
Leibovich	
  instability	
  can	
  be	
  reached.	
  

•  The	
  linear	
  stability	
  results	
  discussed	
  here	
  are	
  intended	
  to	
  guide	
  numerical	
  
simula)ons	
  of	
  the	
  full	
  Boussinesq	
  Craik-­‐Leibovich	
  equa)ons,	
  where	
  the	
  most	
  
interes)ng	
  regions	
  of	
  the	
  Ri,	
  α,	
  Ro,	
  μ,	
  and	
  θ	
  parameter	
  space	
  (as	
  determined	
  by	
  
the	
  linear	
  stability	
  analysis)	
  will	
  be	
  examined.	
  


